Abstract. Recently, several authors have studied the Stirling numbers of the second kind and Bell polynomials. In this paper, we study the extended Stirling polynomials of the second kind and the extended Bell polynomials associated with the Stirling numbers of the second kind. In addition, we note that the extended Bell polynomials can be expressed in terms of the moments of the Poisson random variable with parameter λ > 0.
Introduction
As is well known, the Stirling numbers of the second kind are defined as
S 2 (n, l)(x) l (n ≥ 0), (see [1 − 16] ).
(1.1)
The generating function of S 2 (n, l) is given by where m ∈ N ∪ {0}, (see [2, 7, 8] ). The Stirling polynomials of the second kind are defined by the generating function
where k ≥ 0, (see [3, 5, 14] ).
From (1.2) and (1.3), we note that
where n, k ≥ 0, (see [3, 4, 5, 14] Bel n (x) t n n! , (see [7, 8, 9] ). Thus, by (1.6), we get
A random variable X, taking on one of the values 0,1,2,· · · , is said to be a Poisson random variable with parameter λ > 0 if
. The expectation of a Poisson random variable with parameter λ is given by
The moments of Poisson random variable X with parameter λ > 0 is defined by 8) where n ∈ N (see [15] ). When n = 1, the first moment E[X] is the mean (or expection) of X with parameter λ > 0. Recently, several authors have studied the Stirling numbers of the second kind and Bell polynomials (see [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] ).
In this paper, we consider the extended Stirling polynomials of the second kind and the extended Bell polynomials associated with the Stirling numbers of the second kind. Then we give some identities between the extended Stirling numbers of the second kind and the extended Bell polynomials. From our new identities and properties of those numbers and polynomials, we note that the extended Bell polynomials can be expressed in terms of the moments of the Poisson random variable with parameter λ > 0.
Extended Stirling polynomials of the second kind and extended
Bell polynomials
For k > 0, we define the extended Stirling polynomials of the second kind given by the generating function
where x, r ∈ R. When x = 0, S 2,r (n, k|0) = S 2,r (n, k), (n, k ≥ 0), are called the extended Stirling numbers of the second kind. Note that S 2,0 (n, k) = S 2 (n, k) are the Stirling numbers of the second kind.
It is easy to show that
By (2.1) and (2.2), we get
where n, k ≥ 0 and r, x ∈ R. We observe that
In view of (1.5), we can define the extended Bell numbers which are given by the generating function
Bel n,r t n n! , (2.6) From (2.4) and (2.6), we have
Note that Bel n,0 = n k=0 S 2,0 (n, k) = n k=0 S 2 (n, k). Now, we define the extended Bell polynomials given by the generating function as follows:
where λ, r ∈ R. From (2.8), we note that
Therefore, we obtain the following theorem.
Theorem 2.1. For n ≥ 0, we have
and
where n, m ≥ 0 and r ∈ R.
From (1.1), we note that
Thus, by comparing the coefficients on both sides of (2.10), we obtain the following theorem.
It is not difficult to show that
Thus, by (2.6) and (2.11), we easily get 12) where r ∈ R and n ∈ N ∪ {0}. From (2.12), we have
where m ∈ N ∪ {0}. By comparing the coefficients on both sides of (2.13), we obtain the following theorem.
Theorem 2.3. For n ≥ m ≥ 0 and r ∈ R, we have
Now, we consider the inversion formula of (2.13). From (2.1), we note that
(2.14)
Therefore, by (2.1) and (2.14), we obtain the following theorem.
For m, n, k ∈ N, we have
On the other hand, 
Now, we observe that
By (2.15) and (2.17), we get
With r = 0 in (2.15), we have
where n, m, k ≥ 0. From (1.2) and (2.1), we have
(2.20)
Comparing the coefficients on both sides of (2.19) and (2.20), we have
where n, m, k ≥ 0 with n ≥ m + k.
Further Remarks
A random variable X, taking on one of the values 0, 1, 2, · · · , is said to be a Poisson random variable with parameter λ > 0 if
−λ e λ = 1. The Bell polynomials Bel n (x), (n ≥ 0), are known to be connected with the Poisson distribution. More precisely, Bel n (λ) can be expressed in terms of the moments of Poisson random variable x with parameter λ > 0 as
Let X be a Poisson random variable with paramerer λ > 0. Then we observe that
Bel n,r (λ) t n n! .
Thus, by (3.1), we see that the extended Bell polynomials are expressed in terms of the moments of Poisson random variable X with parameter λ > 0 as follows:
where n ∈ N and r ∈ R. By binomial theorem, we get
Thus, by (3.3), we get
From (2.1) and (3.1), we note that
(3.5)
Thus, by comparing the coefficients on both sides of (3.5), we get E[(X + rλ) n ] = n m=0 λ m S 2,r (n, m) = Bel n,r (λ), (3.6) where n ∈ N ∪ {0} and X is a Poisson random variable with parameter λ > 0. Now, we observe that On the other hand, (3.10)
